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Abstract 

New chirai boundary conditions are found for quantum gravity 
with matter on AdS3. The associated asymptotic symmetry group 
is generated by a single right-moving U(l) Kac-Moody-Virasoro al- 
gebra with cr = The Kac- Moody zero mode generates global 
left-moving translations and equals, for a BTZ black hole, the sum 
of the total mass and spin. The level is positive about the global 
vacuum and negative in the black hole sector, corresponding to ergo- 
sphere formation. Realizations arising in Chern-Simons gravity and 
string theory are analyzed. The new boundary conditions are shown to 
naturally arise for warped AdS3 in the limit that the warp parameter 
is taken to zero. 
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1 Introduction 

In a seminal paper [T] Brown and Henneaux found consistent boundary con- 
ditions for quantum gravity (plus matter) on AdS3 and showed that they 
imply the semiclassical states form representations of left and right Virasoro 
algebras with cl,r = where G is Newton's constant and £ is the AdS3 
radius. The Virasoro symmetries act infinitesimaly on the coordinates of 
the boundary cylinder as 

St+ = e + {t + ), 6t- = e-{r). (1.1) 

Importantly, Brown- Henneaux boundary conditions admit all BTZ black 
holes [2113] • Generalizations and modifications are analyzed in e.g. [4T4TD]. 

The analysis of [1] considers only parity-invariant boundary conditions. 
In this paper we drop this restriction and find a new set of non-chiral but 
self-consistent boundary conditions for AdS3 quantum gravity (plus matter) 
admitting BTZ black holes. The asymptotic symmetry generators form a 
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single right-moving cr = ^ noncompact U(l) Kac- Moody- Virasoro algebra 
and (11. ID is replaced by 

5t + = e(t+), <Jr = (1.2) 

Note that the diffeomorphisms of both t~ and t + depend only on t + . The zero 
mode 5t~ = constant of the Kac-Moody symmetry is a global left translation. 

We further compute the (nonzero but normalization-dependent) Kac- 
Moody level. A salient feature is that it is positive around the global vacuum, 
but negative in the black hole sector. This negative level is related to fact 
that the vector fields generating the Kac-Moody symmetry are spacelike in 
the black hole sector. This can be thought of as a type of ergosphere and 
entails negative energy modes and superradiant-type instabilities of the black 
holes. These instabilities are a simple versions of the ones encountered in a 
variety of contexts including AdS2 fragmentation [TTJ and Kerr superradi- 
ance. We hope that the current work will provide a simple useful context in 
which to study them. 

The discovery of these new boundary conditions was sparked by a circle of 
recent investigations [T2TI25] involving warped AdS3 spacetimes, near-horizon 
extreme Kerr, string compactifications and their potential dual warped CFT2S 
- all of which have in common global SL(2, M) x U(l) symmetries. Asymp- 
totic boundary conditions have been discussed in these contexts [T3HT5|fT8ir2T| 
|22 |[2&H30] which contain one left Virasoro or one right Kac-Moody Virasoro 
but none with both a simultaneous left and right Virasoro. In contemplating 
this puzzle we realized that if consistent right Kac-Moody Virasoro boundary 
conditions exist for warped AdS3, they should persist in the limit that the 
warping is deformed to zero and ordinary AdS3 reappears. We find this is 
indeed the case: we spell out the new AdS3 boundary conditions, verify their 
consistency, compute the central extensions and work out several examples. 

It is important to note that the semiclassical consistency of the chiral 
boundary conditions found here does not guarantee the existence of any 
non-trivial fully quantum theory obeying these boundary conditions. So far 
no clear example is known. Nevertheless it appears to us that the semiclas- 
sical self-consistency is highly non-trivial and motivates the search for such 
quantum theories. A potential warped stringy example is discussed in [24] . 
and one may attempt to impose the new chiral boundary conditions on any 
string compactification to AdS3. Other candidates are supplied by the chi- 
ral AdS3 Chern-Simon gravity solved semiclassically in section 3, and its 
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holographic Liouville dual analyzed in [3T]. The quantum versions of these 
theories remains to be studied. 

In a companion paper [31], we consider the problem from a dual purely 
two-dimensional perspective of (classical) Liouville gravity. Chiral gauge 
conditions for the two-dimensional metric are found for which the residual 
symmetry is generated by a single right-moving Virasoro-Kac-Moody, as op- 
posed to the familiar two Virasoros found in conformal gauge. The action, 
equations of motion and Dirac brackets of the resulting nonlinear chiral the- 
ory of Liouville gravity are identical to those of the AdS3 Chern-Simons 
gravity with new boundary conditions constructed in this paper. Hence two- 
dimensional chiral Liouville theory and AdS3 Chern-Simons gravity with the 
new boundary conditions are equivalent. 

The paper is organized as follows. In section 2 we specify the new bound- 
ary conditions, show that the charges are finite and integrable and derive the 
chiral Kac-Moody-Virasoro asymptotic symmetry algebra including the cen- 
tral extensions. In section 3 we construct the simplest example by applying 
the boundary conditions to the SL(2, M)r x SL(2, M)l Chern-Simons formu- 
lation of pure Einstein gravity on AdS3. The application of Brown-Henneaux 
boundary conditions is well-known [32] to yield a single non-chiral Liouville 
scalar with central charges crl = M^- The new boundary conditions yield 
instead two right-moving chiral scalars with a single cr = ^ Virasoro-Kac- 
Moody, which together form a chiral version of Liouville gravity [21] • The 
Kac-Moody level is also computed as a function of the current normalization. 
In section 4 the realization of the new boundary conditions in weak-field per- 
turbation theory is presented. We perturbatively construct the lowest weight 
representations for a scalar field coupled to gravity. The lowest weight state 
is a single scalar particle in the center of AdS3. The descendants are arbitrary 
excited single scalar particle states surrounded by a gas with arbitrary num- 
bers of right-moving boundary gravitons and right-moving boundary pho- 
tons. In section 5 we discuss a compactification of string theory to warped 
AdS 3 which has been analyzed in several papers [2TJ[22j|2U|33]. Consistent 
boundary conditions are given for general warp parameter, and then shown 
to reduce precisely to the new chiral boundary conditions in the limit that 
the warp parameter is taken to zero. 
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2 Asymptotic symmetry group analysis 



In this section we present the new boundary conditions and derive the asymp- 
totic symmetry algebra. 

2.1 New boundary conditions 

Let t — t ± (j) where <fi ~ <fi + 2n. We impose the following asymptotically 
AdS3 boundary conditions on the 3d metric 



I 2 

9rr = + 0(r 4 ), 

9r± = 0(r~ 3 ), 

02 2 

0+- = —f- + 0(r°), (2.1) 
= «9 + P(t + )£V + 0(r°), 



0- 



4G£A + Oir- 1 ] 



where A is a fixed constant and d + P(t + ) is periodic. In Fefferman-Graham 
coordinates, any three-dimensional Einstein metric admits the expansion 



ds 2 = i 2d 4 + ^ U$ + \g$ + 0(r" 3 ) ) dx"dx b . 



( 12. ip then reduces to 

9 <°> = o, 9 «°i = a + F(* + ), 9 i°» = 9 f = -i 

S?_ = f A, (2.3) 

with subleading terms unconstrained by the boundary conditions. This can 
be compared to the standard Brown-Henneaux boundary conditions pQ in 
Fefferman-Graham coordinates 

9 m - = 9 ( :l = 0, 9 i0 l = 9 f- = ~h (2.4) 

with subleading terms unconstrained. The new boundary conditions differ 
in several respects from these. They are chiral since they do not treat left 
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and right movers symmetrically. The leading order part of the metric g ++ 
is allowed to fluctuate with right-movers while the subleading part of the 

(2) 

metric g__ is restricted to be a fixed constant. In both cases, the boundary 

metric is restricted to be Ricci-flat, i?( ) = 0. 

Note that an alternative version of the boundary conditions exists where 
A is allowed to be varied while P{t + ) is periodic. We discuss these alternative 
boundary conditions separately in Appendix B. 



2.2 Variational principle 

We consider gravitational theories whose metrics are asymptotically gov- 
erned by the vacuum Einstein equation. After the addition of the standard 
Gibbons-Hawking term and counterterms, the variation of the action is given 
by 



6S ° = IQttG J d X V r ~V^> 9 h) S 9(o)ab (2-5) 

where indices are raised with the boundary metric g^ ab . The total action is 
defined as So complemented by a chiral boundary term, 

A f 

s = s ° + 4tt / dt+dt y/~ 9 (° )9 (o) ' ( 2 ' 6 ' ) 

With the boundary conditions ( 12. ip . the variation of the action (12.51) is given 
by 

5S = -— [ dt + dt~d + P5A = 0. (2.7) 

27T J 

2.3 Nonlinear solutions 

For pure 3D Einstein gravity with no matter, the Fefferman- Graham expan- 
sion terminates after fourth order 



ds 2 = e d 4+ t 2 r 2 (g { o )ab + ^ + 9 -^)dx a dx b (2.8) 



where g {4)ab = \g(2)acg {Q)cd g{2)db and g^ab is constrained by the equations 
of motion. It is then a straightforward exercise to solve Einstein's equa- 
tions with the boundary conditions ( 12. ip . The general solution obeying the 
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+4G£ 
16G 2 A 



boundary conditions can be written as 

ds 2 = ^dr 2 - £ 2 r 2 dt + (t/r - d + P(t + )dt + ) 

L(t + )(dt + ) 2 + A(dr - d + P(t + )dt + y 

L(t + )dt + (dt~ - d + P(t + )dt + ) . (2.9) 
In terms of Fefferman-Graham coefficients, one has 

g®=o, 9$L = -\, A = d + P, (2.10) 

9® = J 9f- = -j 9 + P, gf + = \{L{t+) + A {d + P)% 
where we defined for convenience 

In the special case of vanishing d + P and L(t + ) = A the solution becomes 

d A = *t _ r ^ dt + d r + ^(dt + ) 2 + ^{drf - ^dt+dt~, (2.12) 
t r k k k z r £ 

which is just the BTZ black hole with £M = A + A and J = A - A. As 
we will see below the general solution can be interpreted as a BTZ black 
hole dressed by gases of boundary gravitons and photons represented by the 
non-zero modes of L(t + ) and P{t + ). 

Of course when matter sources are present, the solutions are modified 
in the interior. In the following we assume that the matter sources fall off 
sufficiently rapidly so that fl2.2p - fl2.10p can be used in the asymptotic analysis. 



2.4 Asymptotic symmetry algebra 

This phase space of metrics is preserved under the action of the asymptotic 
symmetry algebra. This consists of a right-moving Virasoro algebra and a 
"crossover" right-moving U(l) current algebra whose zero mode is the left- 
moving generator <9_, and is generated by 

£ fl (e) = e(t + )d + - ^e\t + )d r + (subleading) , (2.13) 
rj(a) = a(t + )d- + (subleading) . (2.14) 
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Note that asymptotically the vector field rj goes from spacelike to timelike 
when A crosses zero. We will see in the following that this implies a sign 
change in the level of the associated current algebra. 

The canonical infinitesimal charges associated with these generators as 
defined in [351437] can be directly integrated on the phase space. They are 
given by 

Qin = ^ C # <t + ) {L(t + ) - A(9 + P(t + )) 2 ) , (2.15) 

Q v = ^- f d<Pa(t + )(A + 2Ad + P(t + )). (2.16) 

The charges are finite and conserved and determined up to a constant back- 
ground value. Here, we set the zero mode of the charge Q v to A in order to re- 
produce the usual charge when A is allowed to vary. When d + P = 5d + P = 0, 
d + is canonically associated with A and cL with A. For the BTZ black hole, 
the energy is M = Qg t = \{Qa+ + QaJ) = ^jr^ and the angular momentum 
is J = = -Q 9+ + Qd- = A - A. 

Setting e = e mt+ , a = e mt+ we define C n = Q^ R , V n = Q n . The Dirac 
bracket between these generators is given by 

i{£ m , £„,} = (m - n)C m+n + j^m 3 5 m _ n , (2.17) 
i{£ m ,V n } = -riPm +n , (2.18) 
i{P m ,Pn} = kj ^-mb m .- n . (2.19) 

The central charge and level of the current algebra are given by 

3£ 

cr = k KM = -4A . (2.20) 

The Kac-Moody level kxM = k is positive near the AdS3 vacuum A = 
— k/4 but becomes negative in the presence of a A > black hole. At the 
classical level, this means that boundary photons lower the right moving 
energy (£ ) of the black hole, potentially indicating an instability. This is 
closely related to the facts that for nonzero d + P the vector field dt is in gen- 
eral no longer everywhere timelike and r](a) is spacelike. This region may 
be thought of as an ergosphere. In this regard AdS3 with the new boundary 
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conditions may provide useful insight into the more complicated Kerr ergo- 
sphere and associated superradiant instabilities. We hope to understand this 
better and expect the recent analysis of [25] may be relevant. 
Defining the boson if; by 

^(t + ,r) =2A(-r + P(t + )), (2.21) 

one finds 

i r 2lT 

Pn= 2^J d<t>e 9 ^ + S n A > ( 2 - 22 ) 

and 

Cn = i / ^ d(f)e int+ (L(t + ) + -^(«9 + ^) 2 ), (2.23) 
which is the standard Sugawara formula for the stress tensor. 

3 AdS3 Chern-Simons gravity 

In this section we derive the dual warped CFT2 associated with the new 
boundary conditions to pure gravity on AdS3 in the Chern-Simons formula- 
tion and verify that it contains the Virasoro-Kac-Moody structure predicted 
by the asymptotic symmetry analysis. We follow the well-known analysis for 
the Brown-Henneaux case [32], which was the first construction of a CFT 2 
with cr^l = For simplicity we restrict here to the classical (large level) 
limit. 

We note that pure 3D Einstein gravity appears unlikely to be a fully 
consistent nonperturbative quantum theory of gravity with any boundary 
conditions because, among other reasons, it does not have enough degrees 
of freedom to account for black hole entropy. Nevertheless it does appear to 
model a subsector of more complete gravitational theories and the analysis 
here gives insight into the structure of our boundary conditions. 

3.1 Chern-Simons formalism 

Three dimensional Einstein gravity with a negative cosmological constant 
can be formulated as SL(2,M) L x SL(2,M.) R Chern-Simons gauge theory, 
with the action [MIES] 

S E [A,A] = S k [A] + S. k [A] (3.1) 
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where 



S k [A] = — [ Ti(AAdA+-AAAAA)-—[d 2 xTr(A t A (t 
4vr J M 3 4vr J s 



47T 

and 



— / d 3 xTr(-A (t) A r + A r A^-2A t F 4>r ) (3.2) 



Here £ is the boundary of Ai at spatial infinity. The equations of motion 
are given by 

F = dA + AAA = 0, F = dA + AAA = (3.4) 

where 

A = uj + ~ej, A = uJ-jeJ. (3.5) 

Here and elsewhere unbarred quantities refer to the left sector, and barred 
quantities to the right sector. More details on our conventions can be found 
in Appendix A. 

3.2 The new boundary conditions 

In terms of triads the new AdS$ boundary conditions ( 12.11) in Fefferman- 
Graham gauge become 

e (+) _ 1 _ 

= r (dr - d + P(t + )dt + ) - —L(t + )dt + + Oir-^d^ + 0(r" 4 Wr, 
I kr 

e(-) A 

— _ = rdt + - —(dr - d+P(t + )dt + ) + 0(r~ 2 )cft + 0(r~ 4 )dr, 
I kr 

— = — + 0(r~ 2 )dt ± + 0(r- 4 )dr, (3.6) 
t r 
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where we specified the fluctuating mode L(t + ) implied by the asymptotic 
equations of motion. In terms of the gauge fields this is 



The boundary conditions on the (barred) right moving part are the same 
as Brown-Henneaux PQ, or Coussaert-Henneaux-van Driel [32] in the Chern- 
Simons formalism. The (unbarred) left moving sector is different both at 
leading order and at subleading order. There is a crossover right moving 
Kac- Moody current at leading order. Since A is constant, there is also a 
constraint on the subleading piece of Ar+> , which prevents the excitation of 
the left-moving Virasoro modes. The right-moving Virasoro modes are still 
present in the subleading part of At-\. The new boundary conditions can 
be obtained from the Brown-Henneaux ones by simultaneously applying the 
change of coordinates t~ — > t~ — P(t + ) and fixing L(t~) = A. 

3.3 Conserved charges 

The infinitesimal conserved charges associated with the gauge parameters A 
and A defined by 



SA^ = D^A = d,A + [Ap, A], SAp = D^A = d,A + [A,, A] (3.9) 



Up to an irrelevant local Lorentz transformation, a diffeomorphism is given 
by A = ^Ap, A = ^Ap. The infinitesimal conserved charge is 




(3.7) 



(3.8) 



are given by 




(3.10) 




(3.11) 
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The boundary conditions require £ M to depend on t + only and moreover 



S 



i- jT d<P (r A(l + 2«9 + P) + e (Z(t+) - A(d + P) 2 )) [3.12) 



which for £~ = a, £ + = e agrees with the integrable charges fl2.15p - fl2.16p 
in the metric formalism. We have therefore reduced the charges to the ones 
discussed in Section 12.41 

3.4 From Chern- Simons to constrained WZW 
3.4.1 The right A sector 

The boundary conditions on A are identical to those of Brown and Henneaux 
and the analysis of the resulting boundary theory has been given in [32]. Here 
we quickly review this work in our notation. The variation of the right moving 
sector is 

6S- k [A] = f dtd<f>Tr (A t SA4>) ■ (3.13) 

The conditions (I3.8P imply that on the boundary . 

A_ = 0{r~ 2 ), (3.14) 

which enforce A t = A^ close to the boundary. A good variational principle 
follows from the complete action 

S R [A] = S_ k [A]-^J^xTr(Al-^(A t -A^y (3.15) 

We chose to add a combination of the constraints to the action in order to 
obtain an action of second order in time derivatives, see below ( 13.221) . The 
constraint F r s = is solved by 



A i = Ga 1 d i G R , i = r,0, G R ~ g R (t+, r) ( ^ 



(3.16) 



where the last equation follows from the boundary conditions and g R {t + , t ) 
is an element of SL(2,WL). We find 



47T 

T 



S R [A] = J Tr^G-MG*) 3 + 2jjtd<pTi (A + A_) (3.17) 
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where gR = g R l d t gR, g' R = g R d^gR. It is convenient to use the Gauss 
decomposition 



G R (r,t+,r 



1 X R 
1 



exp(l$ R ) 







exp(-i$ 



One then has 



-Tr {G^dGa) 3 = d 3 xe af3 "'d Q 



2^R) J 



e-* R d p X R d^Y R 



1 

Y R 1 



The boundary conditions imply the leading behavior 



(3.18) 



(3.19) 



X R (r,t+ t r) ~ x R (t + ,r), Y R {r,t + ,t 
$ R (r,t + ,t-) ~ -logr + ® R (t + , r). (3.21) 



~-y R (t + ,r), (3.20) 



The element g R (t + ,t~) defined in ( 13 . 1 6f) is then also in the Gauss decompo- 
sition with fields X R (t + ,t~), Y R (t + ,t~), $ R (t + ,t~). Hence, the right moving 
action becomes 



S R [Q R ,X R ,Y R ] 



k 

87 



dt + dr(d+$ R d-$ R + Ae~^ R d+X R d^Y R ) 



The tangential components a = t + ,t behave as 



a (3)a 

_2 

a (-)a 



a (3)a I ' 



where a a = g R l d a g R . The boundary conditions further imply 



l(3)a 



G (±)- 



K+)- 



The boundary conditions ( I3.24p are equivalent to the constraints 



(3.22) 



(3.23) 



(3.24) 






1 





Y R +-d + <f> R , 

e 
e 

dY 



* R d + X R , 
* R d-X R , 



(3.25) 



R- 
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which automatically enforce the equations of motion. We see that all the 
fields are determined by one right-moving scalar field Q R (t + ): 

$ R = $«(t + ), d + X R (t + )=e^ t+ \ Y R = ~d + <f> R (t + ). (3.26) 

The field $r is subject only to the constraint d-§ R = 0. 
The classical Dirac bracket implies that 

Air 

{d + $ R (t + ), d + $ R (t> + )} = -—d t+ 5(t + - t'+) (3.27) 

k 

The stress tensor following from the action (I3.22p is 

T R ~ + = l{d + $ R d + $ R + Ae-**d+X R d+Y R ). (3.28) 
Using (I3.25P this becomes the stress-tensor of a linear dilaton CFT, 

T R ~ + = ^(d+$ R d+$ R - 2d 2 + $ R ). (3.29) 

We can then read off the classical central charge 

c R = 6k. (3.30) 

We also note that T R± _ = T R+ + = OWe finally note from (E2D that in 
terms of metric components we have the on-shell relation 

T R - + = L(t + ). (3.31) 

3.4.2 The left A sector 

The boundary conditions in the unbarred sector are different from those of 
Brown and Henneaux. In the usual case we would take 5A + = and the 
unbarred sector completes the barred sector to a nonchiral Liouville theory. 
However this condition is incompatible with the new boundary condition 
(13.71) . The variation of the action reads as 

SS k [A] = — / dtd<f> (5 A - S(Ad + P 2 (t + )) + 2ASd+P(t + )) . (3.32) 
2tt y E 
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A good variational principle arises from the action^ 

S L [A] =S k [A]--£- [ dt + drTi(A 2 _ - A\ - 2A + A^ - 4a[A+, A_]a (3) ). 

(3.33) 

where a is a constant since 

5S L = -— [ dt + drd + P5A = . (3.34) 
2n J 

With Brown-Henneaux boundary condition we should take a = 0. With the 
new boundary conditions, we will see later that we should choose a = 1. The 
constraint F r( p = can be solved consistently with the boundary conditions 
by 

A = Gl 1 d l G L , i = r,<f>, G L ~g L (t+,r)^ JQ , (3.35) 
where gi{t + ,t~) is an element of SL(2,M). The action can be written as 

S L [A] = A L J d*x l -{GtdG L f + \J^ dtd^Tr (gl - {g' L f)^ , 
where c/l = a t , g' L = with a a = g^d a gh- Using the Gauss decomposition 

the action becomes 

S L [X L ,Y L ,$ L ] = ^ [ dt + dr[d + ^ L d^ L + 4e-" L d + X L d.Y L (3.37) 
+4ae"^ (X L (0 + Y £ 0_$ £ - d+9 L d.Y L ) + d + X L d^Y L - d_X L d + Y L )\. 
For Brown-Henneaux boundary conditions, the constraints are 

d + X L = d + Y L = <9 + $ L = 0, (3.38) 
X L = -^d^ L , d-Y L = e* L . (3.39) 



1 One can also add a boundary term proportional to J dt + dt Tr(A'l) since its variation 
is proportional to SA = 0. The only effect of such term is to shift the current T L Z defined 
below by a constant. 
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The left-moving chiral boson is then expressed as |((cL$£) 2 — 2<9 2 $) = L(t~) 
and the left action with a = is similar to the right action (13 .221) with right 
fields replaced by left fields. Note the Gauss decomposition ( 13 . 1 8 p - ( T3736|) was 
instrumental in describing the left and right sector with similar variables. 
Under the new boundary conditions, using 



J(3)a 



we see that (I3.7P implies 

«(3)a = 0, 



2 

-d{-) a r 



K-y 



i. 



A 

«(+)- = p «(+)+ 

In terms of the Gauss decomposition this becomes 

A 

I 

A 

d.X L 

d+Y L 
d-Y L 



+,- 



a (~)+ = d + p > 
A 



(X 2 L - j)t 

A X 2 

-2X L , 
2d + PX L , 



-e 



These equations determine <3>l, X l and Y L in terms of A and <9 + P(t H 
solutions to the constraints is 



X r 



Yr 




Vo + e 



P) 



(3.40) 



(3.41) 



(3.42) 

(3.43) 

(3.44) 
(3.45) 
(3.46) 
(3.47) 

). The 



(3.48) 



This solution is periodic in = (t + — t~)/2 when A = —k/4 (which cor- 
responds to the AdS vacuum). It is periodic in <p for A > only when 
P = —t + + f(t + ) where / is a periodic function. 
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Using the constraint conditions and choosing a = 1, one can write the 
action as 



S L [X L ,Y L ,$ L ] 




dt + dr[-(d + <f> L d_$ L + 4e 



L d + X L d_Y L ) 



+8 




(3.49) 



One can check that the equations of motion from (13.491) are fully compatible 
with the constraints. (The second line in the action does not contribute to 
the equations of motion.) Therefore, it is correct to use the action (13. 49 p . 
The action of the right moving conformal transformations on these fields is 
nontrivial because they depend on t + . Under the reparameterization St + = 
£,{t + ), Yr,Xr transform as scalars, and d + P transform as a weight one 
operator 



5^2Ad+P(t+)) = -<9+£(2A<9+P(t + )) - £d+(2Ad+P(t + )). (3.50) 



together with T L+ + {t + ) = 0. Summing up the contributions from the left 
and right sectors, we obtain that there is no correction to the central charge 
obtained from the right sector c = 6k (although at the quantum level there 
would be a shift from c = 6k + 1 to c = 6k + 2). 

Now we wish to construct the Noether current associated to the crossover 
symmetry (12. 14j) under which 5 a t~ = cr(t + ). The fields transform as 



6 a $ L = -ad-$ L , 5 a Y L = -ad^Y L , 6 a X L = -ad-X L , (3.52) 



One can construct the stress-tensor as the Noether current 



T L ~ + (t + ) 



-{{d + $> L ) 2 + Ae-^d+X L d + Y L ) 
— (2A«9 + P) 2 , 



(3.51) 



KM 



or equivalently 



5 a (2Ad + P) = 2Ad + a. 



(3.53) 



This is generated by 




--((<9 + $ L <9_$ L + 4e 
2A<9+P(t + ), 



L d + X L d_Y L ) 



(3.54) 
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whose commutators form a Kac- Moody algebra at level kxM as anticipated. 
The zero mode of the left translation is generated by 



T L+ Ja) 



k - hd^ L d^ L + 4e-^d_X L d_Y L -8j4^ 2 



= A. (3.55) 
The combined charge 

Q c = d<p((T R+ + + T L+ + )e + (T L+ _+T L - _)<r) (3.56) 

generates the diffeomorphism £ + = e, £~ = a, agreeing with the charges 
computed in the gravity calculation (I2.15P and f)2.16p . 



3.5 From chiral bosons to Liouville 
3.5.1 Brown-Henneaux boundary conditions 

For the case of Brown-Henneaux boundary conditions, our analysis deter- 
mined all the on shell fields in terms of two free bosons Yl(£~) and X R (t + ). 
The other fields are given by 



e-* L d-Y L 



1, x L 

1, Y R -- 



1 



(3.57) 
(3.58) 



where (X, Y,$) L / R parameterize the group element Ql/r by 



9L 

9r 



1 
Y L 1 

1 x R 

1 







exp (|$L; 



exp(-±$ L ) 


exp(i* fl ) 

exp(-|$ i? ) 







1 x L 

1 

1 

Y R 1 



(3.59) 
(3.60) 



The Liouville field $ comes from the Gauss decomposition of g = g L l g Rl 



1 X 
1 



exp(i$) 







exp(-|$) 



1 
Y 1 



(3.61) 
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Therefore 

e ~¥ = e -i(*i+*fl)(i _ X R Y L ). (3.62) 
Plugging the solution (I3.58P into the above definition, we get the relation 

„ _ d + X R (t+)d_Y L (t~) 

6 - (1 - X R (t+)Y L (t-)r { } 

known as a Backhand transformation. $ satisfies the Liouville field equation 

<9+<9_$ - 2e* = 0. (3.64) 

Hence the two free fields are equivalent to the Liouville scalar. 

3.5.2 New boundary conditions 

Using the field <3> defined in (I3.62p . we still find that 

e* = d - YLd + X « 2 (3.65) 
(l-Y L X R f 

but $ and h = d + P are solutions of the following constrained system 

S = A y df+dr (V$cL$ + 4e* + /i((cL$) 2 - 29!$ - -^)) , 

(3.66) 

d^h = 0. (3.67) 

The right-moving current T~ + that generates the diffeomorphism t + — > t + + 
e(t+) is 

k 

T~+ = - ((<9 + $) 2 -2<9 2 $ + 2/i(<9+$<9_$-2<9 + <9_$) -2d + hd-<&) , 
dJT~ + = 0. (3.68) 
The right-moving current that generates the diffeomorphism t~ — > t~ +a[t + ) 



is 



T~ _ = -/i ((<9_$) 2 - 2<9 2 $) = 2A/i (3.69) 
f + _ = - ((<9_$) 2 - 29!$) = A (3.70) 
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The on shell results agree with the previous subsection, and reduce to the 
standard Liouville stress tensors at h — 0. The currents generate the sym- 
metry transformations via the Dirac brackets 

{2Ah(t + ), 2Ah(s + )} = ixk KM d t+ 5{t + - s + ), (3.71) 

{2Ah(t + ), $(s+s~)} = -2ir5(t + - s+)<9 s -$(s + ,s-), (3.72) 

{f~ + {t + ), h{s + )} = -27id s+ (5{t + - s + )h{s + ,s-)) , (3.73) 

{f- + (t + ), $( S + , S -)} = -2ir(5(t + -s + )d s+ <5>(s + ,s-)-d t+ 5(t + -s + )), 

{f- + (t + ),f- + ( S + )} = 2n(d t+ -d s+ )(5(t + -s + )T(s + ,s~)) 

nCR df + S(t + -s + ). (3.74) 



6 

The first line is just the U(l) Kac- Moody algebra with level kxM = — 4A. 
The last is the Virasoro algebra with central charge cr. 

In the companion paper [31] we derive the action (13.66}) (in the nota- 
tion $ = 2p) by imposing a chiral gauge condition on the Polyakov-Liouville 
action for two-dimensional gravity. The equations of motion agree and ap- 
plying the canonical formalism to this chiral Liouville theory gives the Dirac 
brackets fl3.71l) - fl3.74l) . with the identification T~ + = j~, T~ _ = j~ , and 
c = cr = 6k. Therefore the two-dimensional chiral Liouville theory and 
AdS3 Chern-Simons gravity with the new boundary conditions are semiclas- 
sically equivalent. 



4 Bulk Kac-Moody representations 

In this section we describe the lowest-weight Kac-Moody representations in 
terms of a weakly interacting gas of bulk particles. We work in the global 
AdS 3 coordinates 



ds* 



— cosh 2 pdr 2 + sinh^ 



+ dp 2 . 



(4.1) 



In these coordinates, with u = r + 
are described by the vector fields 



v = r 



the SL(2,1Z) R generators 



C-i 



id u 



le 



cosh 2p 



sinh2p sinh2p 



-d v 



:d n 
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Ci = ie 
normalized so that 



7 If 



cosh2p _ 1 d _ i_ d 
sinh2p " sinh2p v 2 p 



(4.2) 



[Co, £ ±1 ] = tC±i , [Ci, C-i] = 2£ • (4.3) 

The quadratic Casimir of SL{2,1Z)r on scalar fields is 



£ 2 = UciC-i+C-iCi)-C 2 = -][d 2 P +2 C -^d p + -^dl \^dl] , 

2 V 4 L p smh2p p smlTp 9 cosh 2 p 

(4.4) 

which is the laplacian times — £ 2 /4. Therefore a scalar field of mass m has 

C 2 = -m 2 £ 2 /A , (4.5) 

and the conformal algebra can be used to classify the solutions of the wave 
equation. We also have a U(l) isometry 

Po = id v , (4.6) 

sometimes called Cq. In the usual manner consider states (i.e. scalar field 
wavefunctions) with weights (h,p) under C ,P so that 

A#> = /#>, V o m=p\i>). (4.7) 

It follows that 

|^) = e - lhu - ipv F(p) . (4.8) 

Periodicity requires 

h-peZ. (4.9) 

Now suppose that \ip) is a SL(2, %)r primary state in the sense that Ci\ip) = 
0. This implies that F satisfies 



cosh2p^ 2p 
sinh2p sinh2p 



2h : i / F - - ' F + d p F = , (4.10) 



which is solved by 

(sinh p) p ~ 
(cosh p) 



F{pM = canst r:7i p+h . (4.11) 
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Regularity at the origin requires 



p>h. (4.12) 

Demanding that obey the mass m wave equation and be normalizable at 
large p with Dirichlet boundary conditions imposes the additional constraint 

h = -(l + Vm 2 ? 2 + 1) . (4.13) 

Starting from these primary states labelled by p > h we can generate all 
other normalizable solutions with Dirichlet boundary conditions at infinity 
by acting with £_i. These descendants all have the same quadratic Casimirs, 
but higher integer-spaced eigenvalues of £o- They correspond in an obvious 
way to SL(2,TZ) R descendants of the primary operators. 

Recall the usual procedure with Brown-Henneaux boundary conditions 
in AdS3 is to also use the SL(2,TZ)l isometries (which look like ( 14. 2 p with 
a u <H- v exchange). All solutions then arise from left-right primaries and 
their descendants. The states above correspond to acting on the primary 
with p = h with : 

F(p,h) = C p _- h F(h,h). (4.14) 

With the usual Brown-Henneaux boundary conditions, the left-right primary 
wavefunction is ( 14. lip with p = h = h. The full set of Virasoro descendents 
are then all states of the form 

{{C^) n K...{C. 2 ) n ^C. 1 r) ((£_ fe )^....(£_ 2 )" 2 (£_0^) F(h, h) (4.15) 

This state has 

k k 
C = h + ^2jnj, £ = h + ^jnj. (4.16) 

i =1 3=1 

Using the comutation relations, it is not hard to see that we can always 
arrange to move the higher moded operators to the left. The particle in- 
terpretation of this is as follows. The original primary is a minimal energy 
single scalar particle sitting in the middle of AdS3. The action of powers of 
£_i and £_i serve to translate its position around to all possible locations in 
AdS3. £_2 and £_2 create left and right boundary gravitons in their minimal 
energy states, and the higher Virasoro generators create excited boundary 
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gravitons. Hence the left-right Virasoro module corresponds to multi-particle 
states consisting of a single scalar particle accompanied by a gas of boundary 
gravitons. The standard character is 



h-± -h-±- 

tr[q f ° ] = -idw (417) 

However with the new chiral boundary conditions £_ n is not part of the 
asymptotic symmetry group (except for £ = P ) so these solutions do not 
all obey the new boundary conditions. Using the commutation relations the 
general state obeying the new boundary conditions can be written in the 
form 

((A.r)*...(P- 2 )*(P-i)«) ((£- fe r....(£_ 2 r(£_ 1 ) ni ) F(h,p) (4.18) 
This has 

k I 

C = h + ^2jn j + ^2jq- j , V =p. (4.19) 

We see that instead of right and left moving gravitons we have right moving 
gravitons and photons. The number of states is roughly the same: for every 
state in the non-chiral theory we can get one in the chiral theory by replacing 
p — h + n\ and qj = The chiral character is 

to)(i-w 



5 String theory and warped AdSs 

String theory is an excellent source of fully consistent theories of Einstein 
gravity with matter on AdS3. Usually these are taken to obey standard 
Brown- Henneaux boundary conditions. In this section we consider the string 
solutions studied in [23] for which the new boundary conditions may be rel- 
evant. These solutions generically contain a warped AdS3 factor, but reduce 
to AdSs in an appropriate limit. We will see that a natural set of boundary 
conditions for the generic case reduce to our new boundary conditions in the 
AdS3 limit. 
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The universal massless NS-NS sector of string theory compactified to six 
dimensions is governed by the low energy effective lagrangian 



L 



4(00) a -iff a ). 



(5.1) 



The six dimensional warped AdSsxS black string solution discussed in [2 
is 



Ads 2 



B 

-2<f> 



(2tt 2 T l T r ) 



n 2 T 2 



■{dt 



+^2 



dp 2 



p 2 - (2^T L T R f 



Adnj 



-4tt 2 T|H 2 



sinh a „. 
8nT L 7 ^—^(dx 



--\ cos 

cosh 2 a, 



cosh 2 a 
Ad X 



cos 



_ i m sinh a , , 

2p^ A dt + + AirT L .— {dx + cos 

cosh a 



A 
(5.2) 



where 



sinh a 



Adtt\ 



XnT L , 
(dx + 



dr~ 



cos 



de 2 



pdt + 
+ sin^ 



(5.3) 
(5.4) 



We take (tiXTl) 2 < 1. The coordinate ijj = x + 2tiTl sinh a r~ is identified 
with period An while t~ = r~ + \x is unidentified. Equivalently x ~ X + 
i-sfnh a a • Using the coordinates (t + ,r~ , p,9,(p,x), we impose the following 
boundary conditions on the string metric and B field, 



9i*> + B 



[IV 



f 2 



+ 



V 

/ OOP) 
o(p°) 
o( P - 2 ) 
o( P °) 

O(p ) 

V o(p°) 



( Pd + P(t + ) 






0{p~ l 
0(p~ l 

o( P ~ 2 

Oip' 1 
Oip' 1 
Oip' 1 



-p 

vr 2 T 2 





0(p 
0(p 
0(p 
0(p 
0(p 
0{p 







1 

I? 





2 
2 
3 
2 
2 
2 







1 

i 





tanh < 



cos Bp 



tanh a 



ttTl cosh a 

2irTL \ anha cose 

cosh a 





1 

4 






COS t) 








O(p ) 


O(p ) 




oip- 1 ) 


Oip" 1 ) 


Oip" 1 ) 




Oip' 2 ) 


o( P ~ 2 ) 


oip- 2 ) 




Oip' 1 ) 


Oip" 1 ) 


oip- 1 ) 




Oip' 1 ) 


Oip" 1 ) 


oip- 1 ) 




Oip' 1 ) 


oip- 1 ) 


oip- 1 ) 


) 



ttTl cosh a 
2ttT l tanh a 
cosh a 






1 

4 



(5.5) 
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where all components are also allowed to depend upon (8,<j),i/)). Note that 
we impose (g + B) + _ = 0(p~ 1 ) while (g + £>)_+ = 0(p°). The asymptotic 
symmetry group is generated by the following combination of asymptotic 
vectors and large gauge transformations, 

(UAi) = e mt+ (d + -d^-impd p -— d„ + o{ p - 2 )d ± + o{p- l )d r , 

l\*TldT-- i ^dp), 



(Vm,WJ = e mt+ (^^d-iV2G~eT L dT-), (5.6) 
( V a m ,Al) = e imi+ (r,A fca ), 
(fj m , Al) = e imt+ (d x ,^d x ), 
where d+ = d t +, <9_ = d T - and k a are SU{2)l generators 

k 3 = -id^, fc* = e T ^(<% T «'( cot 9d <t> ~ csc ed x)), ( 5 - 7 ) 

and 

3 I 2 
A k = i—dS, 
4 

12 , v 

A fc± = e Ti<t> - d6 t i(cot 6d(f) + esc 6d X )). (5.8) 

It may be shown that the boundary conditions are preserved by the action of 
the asymptotic symmetry group. The subleading term ~ ^<9_ in £ m ensures 
that 8g p - = 0(p- 2 ). 

A subtlety is that the asymptotic generators are not uniquely fixed by 
the boundary conditions (I5.5p . They are constrained with the supplementary 
conditions 

%a)Q? + #V = Oip- 1 ), 5 m (g + B) x+ = Oip" 1 ), (5.9) 
for (£,A) = (U^J, (rirmAl), (fj m , A^J, while 

W^G? + B)+t = Oip- 1 ), 5 {r} a mA) {g + B) +x = 0(p~ l ). (5.10) 
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These mixed boundary conditions can be motivated by the string construc- 
tion of vertex operators [23] . 

The asymptotic charges and asymptotic symmetry algebra can be ob- 
tained using the formalism of [36113711101111]. In particular, using the 4 form 
k^ u A e^ uai ,,, a4 derived from the Lagrangian (15.11) . the conserved charges are 
given by 

= J dad X d(pd9(k r ^ + fcj7~ + -k\\) (5.11) 

where a = (t + — t~)/2 is taken to be of period 2tt. We then obtain the right 
moving Virasoro central charge 



2nA 



a U(l) Kac-Moody level 
an SU(2) Kac-Moody level 



37T ,, 

cr,x = (5-12) 



ku(i) = -4 (5.13) 



n 2 l A 

ksu{2) = ( 5 - 14 ) 



7T 2 ^ 4 



and U(l) Kac-Moody level 

ku(i) = (5.15) 

Accounting for normalization conventions (2Gq = ir 2 ) this agrees with the re- 
sults of the world sheet computations of the space-time central charges given 
in [23]. We note that [23] also gives a construction of the world sheet ver- 
tex operators for the boundary photons and gravitons. In three-dimensional 
language (after reduction on the three-sphere), the level (I5.13P is negative 
for spacelike warped AdS^ black holes (T| > 0) and becomes positive for 
timelike warped spacetimes (T| < 0) after setting a real normalization in 
(15.61) (because rj — >■ ir] leads to kjj^ — > —ku^). These qualitative features of 
the U(l) Kac-Moody level are similar to the ones derived earlier in another 
class of warped geometries [13l[T5] . 

The boundary conditions (|5.9p - (l5.10|) are crucial in order to derive the 
large gauge transformations in (I5.6p . These large gauge transformations then 
lead to the correct values of the Kac-Moody levels (]5.14p - (j5.15j) . This is an 
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example where matter fields directly contribute to central extensions in the 
asymptotic symmetry algebra. We expect that the boundary conditions (15. 5|) 
(with possible mild modifications) will lead to finite, integrable and conserved 
charges associated with the generators ( 15. 6p . This however remains to be fully 
checked. 

To compare with the preceding sections, we should take the warping factor 
A = and look at the 3d Einstein frame metric g^ v defined by 

dsl {s) = e^ds\ E) + fdnj (5.16) 

The boundary conditions ( 15 .5p reduce to 

0{f) 0(jP) o( P - 2 )\ 
0(P' 3 ) J 

These reduce to the our new boundary conditions (12. ip . using the following 
relations 

P = r\ vr 2 Tl = ^, G 6 = 2vr 2 / 3 G 3 . (5.17) 

The asymptotic symmetry generators and the central charges then reduce to 
the ones derived in Section 12.41 
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Appendices 



A. Conventions 

We use r, t* 1 — t ± <f> and we take the orientation e 1 ^ = e 1 ^ = — 1 so that 
s + ~ r = s + ~ = +1, d 2 x = dtAd(f) = +\dt~ Adt + and J M d 3 xd r = J dM d 2 x. We 
define & va = e^ va / y/—g. Surface charges on the boundary circle S spanned 
by the circle <j) can be obtained by 

h = f We,^ = - r d<p k\ + - r dcf> , (o.i8) 

J2tt * JO JO 

where k^ = \k^ h 'e^ ua dx a is the surface charge 1-form. 
We choose a 5X(2,R) representation such that 

Tr(a (( V 6) ) = ^ (a)(b) (0.19) 

where 

/ -| 0\ 

V(a)( b ) = -| , (0.20) 

V o o ij ab 

which lowers the triad indices. The representation is given by Pauli matrices 

as 



= i ?v ^=r? M, 1/10 



-l o y ' ° V 00 / 2V°- 

The triad and spin connection can be written in spinor notation as 



;().2i) 



e<? = e*°"J, ^I = \^aio'J, (0.22) 
where uj a b = e^d^ebu — ^ p (J ,u e b P )dx^ . Our choice of dreibein leads to 

e (+)(-)(3) = _ 2 (a23) 
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B. Boundary conditions with A varying 

In this appendix, we discuss a variant of our boundary conditions where A 
is allowed to fluctuate but P{t + ) is periodic. The action which provides a 
good variational principle is simply So because evaluating (12.51) gives 



SS = — [ dt + drA5(d+P) = 0. (0.24) 

27T J 

Note however that the variation vanishes only globally and not locally. One 
would therefore expect source terms on the right-hand side of boundary field 
equations in the reduction of the theory if one repeats the analysis done in 
Section 13.11 

The canonical infinitesimal charges associated with the asymptotic gen- 
erators (I2.14p are given for a generic solution in the phase space by 

= ^ jT # e(t+) (5 (L(t+) - A(<9 + P(t+)) 2 ) - d + P(t + )SA 

(0.25) 

#Q = — [ d<pa{t + ){5A + 5Ad + P(t + ) + 2A5d + P(t + )). (0.26) 
2tt Jo 

The charges are finite and conserved. One wishes to integrate the charges 
to get globally defined quantities on the phase space. $Q^ R and $Q V are 
not closed one-forms on phase space and cannot be integrated. However the 
combination 

R{e) - #Q v(e) = ±- d<P e(t + )5[L(t + ) - A(l + <9 + P(t+)) 2 ] (0.27) 
Z7r Jo 

is exact. Setting e = e mt+ and integrating we obtain the globally defined 
charge 

C n = Q u[emt+) ^ nt+) = ^ d<Pe mt+ (L(t + ) - A(l + d + P{t + )f). (0.28) 

In order to integrate 5Q V when A ^ 0, we must use a vector field r\ n = 

normalized to a constant which we take to be ±4G£ depending on whether 
it is spacelike or timelike. We then have 

V n ee Q vmi) - 1/2emt+) = ^ d<Pe mt+ ^\A\{1 + <9+P(t + )), (0.29) 
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where G(-) is the sign function. 

The Dirac bracket between these generators is given by 

i{£ m , A*} = (m- n)C m+n + j^m 3 5 m _ n , (0.30) 
i{C m ,V n } = -nVm+n, (0.31) 
i{P m ,P n } = ^md^.n. (0.32) 

The central charge and level of the current algebra are given by 

3/ 

cr = k KM = -40(A) . (0.33) 

Because Vo is a central element of the algebra it is possible to define 
generators without the awkward G function by 

% = le(P )V V n = - d^e mt+ A(l + d + P(t + )), (0.34) 
2 * Jo 

These obej|§ 

[T m ,T n ] = -y^rrwJ m _ n k KM = -2%, . (0.35) 

where 7o = — in the global vacuum and 7o = 2 A in the black hole sec- 
tor. These generators correspond to the unnormalized vector fields <r(t + )cL. 
Usually a field-dependent level is inconsistent, but here no problem arises 
because % is a central element of the algebra. 

In summary, we defined three distinct phase spaces: A < 0, A = and 
A > since we had to divide by yjA] in order to define the generators. 
The sector A < contains the AdS^ vacuum A = — fc/4 and its Virasoro- 
Kac-Moody descendants. The Kac-Moody level is k — c/6. The sector 
A = contains one class of extremal BTZ black holes and their Virasoro 
descendants while the Kac-Moody generators are pure gauge. The sector A > 
contains the other class of extremal BTZ black holes, non-extremal BTZ 
black holes and their Kac-Moody- Virasoro descendants. The Kac-Moody 
level is negative. 



2 Note that kxM> unlike kKMi has dimensions of action as expected for a central term 
in a Dirac Bracket algebra persisting in the classical limit. The units are scaled out of 
kxM by the field-dependent normalization of the generators. 
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